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ABSTRACT. In this paper we prove certain Hurwitz equivalence prop- 
erties in the braid group. Our main result is that every two factorizations 
of A 2 where the elements of the factorization are semi-frame are Hurwitz 
equivalent. The results of this paper are generalization of the results in [8]. 
We use a new presentation of the braid group, called the Birman-Ko-Lee pre- 
sentation, to define the semi-frame structure. The main result of this paper 
can be applied to compute the BMT invariant of surfaces (presented in [6] or 
[7]). The BMT is the class of Hurwitz equivalent factorizations of the cen- 
tral element of the braid group. The BMT distinguish among diffeomorphic 
surfaces which are not deformation of each other. 



1 Topological Background 

In this section we recall some basic definitions and statements from [5]: 
Let D be a closed disk on IR 2 , K C D finite set, u G 3D. Any diffeo- 
morphism of D which fixes K and is the identity on 3D acts naturally on 
Hi = III (IP — K,u). We say that two such diffeomorphisms of D (which 
fix K and equal identity on dD) are equivalent if they define the same au- 
tomorphism on Hi (D — K,u). This equivalence relation is compatible with 
composition of diffeomorphism and thus the equivalence classes form a group. 



Definition 1.1. Braid Group B n [D,K]. 
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Let D, K be as above, n = #K, and let B be the group of all diffeomor- 
phisms (3 of D such that f3(K) = K, (3\qd = IdgD- For /5 2 G £> we say 
that Pi is equivalent to p 2 if /3i and /? 2 define the same automorphism of 
Hi(D — K,u). The quotient of B by this equivalence relation is called the 
braid group B n [D, K\. 

Equivalently, if we take the canonical homomorphism ip : B — > Aut(Tli(D — 
K, u)), then B n [D, K] = Im(ip). The elements of B n [D, K] are called braids. 

Lemma 1.2. // C D' in another pair as above with #K' = #K = n, 
then B n [D',K'] is isomorphic to B n [D,K]. 

This gives rise to the definition of B n : 

Definition 1.3. B n = B n [D, K] for some D, K with #K = n. 
Notation 1.4. We use the notation a[b] for conjugating b to a. 
Definition 1.5. H(a), half-twist defined by a. 

Let D and K be defined as above. Let a,b G K, K a ^ = K\{a, b} and a be a 
simple path (without a self intersection) in D\dD connecting a with b such 
that af]K = {a, b}. Choose a small regular neighborhood U of a such that 
K a ,b D U = ( t ) - > an d an orientation preserving diffeomorphism ip : M 2 — > C 1 
such that V(o-) = [-1, l] = {z£ C 1 | J Re(^) G [-1, 1], Im{z) = 0} and ip(U) = 
{z G C 1 ^! < 2}. Let a(r),r > 0, be a real smooth monotone function such 
that a(r) = 1 for r G [0, 3/2] and a(r) = for r > 2. Define a diffeomorphism 
/i : C 1 -> C 1 as follows: ioi z e€ l ,z = re^ let h(z) = re H4>+<*<r)*) m It is 
clear that the restriction of to {z 6 CC 1 1 1 ^ | < 3/2} coincides with the 180° 
positive rotation, and that the restriction to {z G C 1 ]^! > 2} is the identity 
map. The diffeomorphism o h o %p induces a braid called half-twist and 
denoted by H(a) 

Lemma 1.6. Let H{o~i) and H(&2) be the half twists defined by the paths o~i 
and o~2 respectively. Then H(o~i)[H '((J2)] — H(H(a2)(cri)). 

Proof: III. 1.0 of [4]. 
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Definition 1.7. Frame ofB n [D,K] 

Let K = {pi, ...,p n } and oi, ...,a n -i be a system of simple smooth paths in 
D — dD such that o~i connects pi with pi + \ and L = [J oi is a simple smooth 
path. The ordered system of half-twists {H(ai), /J(cr„_ 1 )} is called a 
frame of B n [D, K] 

Theorem 1.8. Let {Hi, H n ^i} be a frame of B n [D, K] then, B n [D,K] is 
generated by {iJj}™", 1 and the following is a complete list of relations: 

HiHj = HjHi if \i — j\ > 1 (Commutative relation) 

HiHjHi = HjHiHj if\i — j\ = 1 (Triple relation) 

Proof can be found for example in [5]. 

This theorem provides us with Artin's algebraic definition of the braid group. 

Recently, new presentation of B n , called the band generators presentation has 
been introduced by Birman-Ko-Lee [2]. The new presentation is based on 
Aritin's presentation. We give here the definition of the presentation slightly 
different by constructing the generators on a frame structure. 

Definition 1.9. Band Generators Presentation 

Let {Hi, .f/n-i} be a frame. The band generators corresponding to the 
frame {Hi, are defined by the (£) generators: 

a M = (# t _!# t _ 2 • • • H a+1 )H 8 (H-^ ■ ■ ■ H-_\H-_\) l<s<t<n 

and the presentation's relations are: 

dt,sds,r = CL t , r at,s = a s ,rCit,r for all t, s, r with l<r<s<t<n (1) 

at, s a r , q = a r:q a tjS if (t - r)(t - q) (s - r) (s - q) > (2) 

The band generators contain the frame elements since H t = (it+ij- An ex- 
ample of band generators corresponding to the trivial frame can be seen in 
Figure 1. The paths in Figure 1 were computed using Lemma 1.6. 
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Figure 1: Graph of Band Generators 



Definition 1.10. Semi-Frame of B n [D, K] 

We say that the system of half-twists {Hi}"L 1; is a semi-frame, if there exist 
a corresponding system of simple paths {ui}^, such that, Wi, Hi = H(a,i) 
and {o"j}i= i satisfy the following conditions: 

• For each U{, o~{ is a simple path in D — dD connecting two points in K 
and |<7j P| K\ — 2. 

• There exist n arcs {7j}™ =l7 such that, jj is a simple path in (D — 
dD) {J{u} connecting u G D with pj G K and 7 j0 f] 7^ = {u} Vjo 7^ 
Ji- 

• Each 7j is intersecting [j£ =1 a i on ^V °& Pj 

2 Definition of Hurwitz Moves 

Definition 2.1. Hurwitz move on G m (Rk,^ 1 ) 

Let G be a group, t — (t±, t m ) G G m . We say that if = (si, s m ) G G m 
is obtained from t by the Hurwitz move Rk (or t is obtained from 1? by 
the Hurwitz move R^ 1 ) if 

Sj —U for 2 7^ fc, k + 1, 

Sfe = tktk+\t k l , Sfc+i = ife- 
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Notation 2.2. Factorization 



Let G be a group, a factorization F of g e G, is a list of factors /i, /2, / n 
(/i G G) such that the product fif 2 ...f n is equal to g. 

We use the notation fi -f 2 • • • f n for the factorization f ± , f 2 , f n and f\f 2 ..-f n 
for the product. 

Definition 2.3. Hurwitz move on factorization 

Let G be a group and t £ G. Let £ = ii • • • t m — s± ■ ■ ■ s m be two factorized 
expressions of t. We say that si • • • s m is obtained from ti • • • t m by the Hur- 
witz move Rk if (si, s m ) is obtained from (t\, ...,t m ) by the Hurwitz move 
R k . 

Definition 2.4. Hurwitz equivalence of factorization 

The factorizations si • • • s m , t\ - ■ - t m are Hurwitz equivalent if they are ob- 
tained from each other by a finite sequence of Hurwitz moves. The notation 

HE 

is t ± • • -t m - Si • • -s m . 
Definition 2.5. Word in B n 

A word in B n is a representation of braid as a sequence of the generators and 
their inverses. 

Definition 2.6. Positive Word in B n 

Word in B n is positive if all generators are in positive powers. 

3 Hurwitz Equivalence of Factorizations with 
Generators as Elements 

The property proved in the following theorem is called the embedding prop- 
erty of a presentation, it was first proved by Garside in [1] for the Artin 
presentation and recently was proved by Birman-Ko-Lee in [2] for the band 
generators presentation. 
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Theorem 3.1. Every two positive words (all generators with positive powers) 
which are equal, are transformable into each other through a finite sequence of 
positive words, such that each word of the sequence is positive and obtained 
from the preceding one by a direct application of one of the presentation 
relations. 

Proof: [1],[2]. 

In the following Lemma we show that the relations (1) and (2) also holds 
under the Hurwitz equivalence relation. 

Lemma 3.2. Let {a ttS } 1 < s < t < n — 1 be a set of band generators as 
defined in 1.9, then, 

HE HE 

1. at :S " Cts,r ^ Ctt,r " 0-t,s ^ 0-s,r ' 0-t,r for all t, S, T with 1 <T < S < t < 71 

2- a M • a rj q ™ a r ,g • a M if (t - r)(t - q) (s - r) (s - q) > 
Proof: 

HE 

1. a t , s -a S: r - a s , r [a t " s ] • a M by performing R x . Since, a t , s a s ,r = (a s ,r[ a t,s]) a t,s 
as words in B n , and a tiS a SjT . = a t ^ r a tyS by relation (1) , we get that a S:r [a^l] = 

HE 

a tjf , and therefore, a ttS ■ a s>r ^ a t)T ■ a iiS . 

We use the same arguments to prove that a t s ■ a s r ^ a s r ■ a t r by performing 

o Ri —i _ 

Z. at fS ' &r,q > Q't,s a 'r,qQ't,s ' a t,s — a r,q ' ^t,s- 

From Theorem 3.1 and Lemma 3.2, we get the following Theorem: 

Theorem 3.3. Let {a tiS } l<s<t<n — 1 be a set of band generators of 
B n and a iukl . . . a ip:kp = a jl:h . . . a jp j p two positive equal words (all a ir:kr and 
a j r ,i r are band generators) then a il;kl ■ • ■ a ip ^ kp and • ■ -aj p> i p are Hurwitz 
equivalent as factorizations. 

Proof: Applying Theorem 3.1 on a ilM . ..a ipMp = a juh . . ■ a jp j p , we get a 
finite sequence of positive words {W r }l =Q s.t. Wq = a iljkl . . . a iptkp , W q = 
a J1) / 1 . . . dj p ,i p and W r+ i is obtained from W r by a single application of one of 
the relations in 1.9. 

As we proved in Lemma 3.2, each application of relation can be 'imitated' 

HE 

by a single Hurwitz move on the factorization. Thus, Wq ^ W q . 
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Definition 3.4. A 2 e B n [D,K] 

A 2 = (H l ... H n ^) n where {tf;}"^ 1 is a frame. 

We apply 3.3 on A^: 

Corollary 3.5. Let {a tyS } 1 < s < t < n — 1 be a set of band generators cor- 
responding to a frame {H^l^ . Then all A 2 factorizations a il>kl • • • a i„ ( „_i),fe„ (r , 
are Hurwitz equivalent to (Hi ■ ■ -iJ n _i) n . 

Lemma 3.6. Let {H(o~ij}™~l be the frame which generates B n [D, K] and 
a half twist. Then {H(ai)[H^\}^~^ is also a frame. 

Proof: [8]. 

Theorem 3.7. Let {if,}™", 1 be a frame and let b E B n [D,K], then the fac- 
torizations (Hi ■ ■ • H n ^i) n and (Hi[b] • • ■ H n ^i[b]) n are Hurwitz equivalent. 



In this section we proof the main theorem: 

Theorem 4.1. Every two A 2 factorizations, Xi ■ ■ ■ X n ( n -i) and Y x • ■ • i^( n _i) 
where {Xj}™i™ ^ and {Yj}™i™ ^ are semi-frames are Hurwitz equivalent. 

Lemma 4.2. V7, 5 G B n any two A 2 factorizations, a ilM [7] • • • aj n(n _ 1) ,fc n{n _ 1) [7] 
and a jl!h [5] ■ ■ ■ a jn(n _ lh i n(n l) [5] where all a irtkr and a jrU band generators, are 
Hurwitz equivalent. 

Proof: Since, {at yS } are the band generators corresponding to the frame 
{ a t,t+i}t=i ■ By Lemma 3.6, {fy,t+i[7]}ttTi is also a frame and {at, s [7]} are 
the corresponding band generators. Therefore, by Corollary 3.5: 



Proof: [8]. 



4 The Main Result 



o»i ,ki [7] 



[7] - K1H-V1H) 



n 



(3) 



a jl;h [S] ■ ■ ■ a 



[5] - (a 2 ,i[S] ■ ■ •a n ,„_i[<J]) 



n 



(4) 
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By Theorem 3.7, (02,1(7] ' ' ' a n,n-i[l]) n and (a2,i[<5] • • • a n , n -i[5]) n are both 
Hurwitz equivalent to (02,1 • • • a ni „_i) n and therefore, equivalent to each other. 
From this and from relations (3) and (4) we get that: 

a»i,fci W • • • «»„(„_!) ,fc„ ( „-i) W ™ a juh [5] ■ ■ ■ [5] 

Lemma 4.2 requires that the elements of the factorization are subset of the 
band generators corresponding to some frame. Since, conjugating 7 to a half 
twist is the same as operating 7 as a diffeomorphism on the path of the half 
twist (Lemma 1.6), we are restricted to diffeomorphisms of subgraphs of the 
band generators in Figure 1. The following Lemma completes the proof of 
the main theorem. 

Lemma 4.3. A graph of generators is conjugated to a subgraph of the band 
generators graph if and only if there exist n arcs which intersect with each 
other only at a point outside the graph, and intersect with the graph only at 
the vertices. 

Proof: In the first direction, observe the graph of the band generators cor- 
responding to the trivial frame. As shown in Figure 2 the graph can be con- 
nected by n disjointed arcs to an external point. Conjugating the generators 
in Figure 2 to a braid is the same as conjugating to a list of generators. By 
Lemma 1.6 each conjugation is a diffeomorphism on the disk and therefore, 
we get that conjugating the braid to the generators is the same as operating 
diffeomorphism on the graph. Operating the same diffeomorphism on the 
arcs, we get n disjointed arcs intersected with the graph only at the vertices. 
The second direction of the Lemma was proved in [3]. 

Lemma 4.3 completes he proof of the main theorem. □ 
Remark 4.4. 

If we consider factorizations where the elements of the factorization are not 
semi-frame, we will loose the embedding property, since it was proved in [3] 
that the Artin presentation and the band generators presentation are the 
only presentations with the embedding property. 



8 



Figure 2: The vertices can be connected by n disjointed arcs to an external 
point. 
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